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Introduction

Hub = fully connected vertex (degree N — 1) J

Razzoli, Bordone & Paris, JPA 55, 265303 (2022)

Continuous-time quantum walk (CTQW) on otherwise arbitrary graph with marked hubs
Universal behaviour of probability amplitudes at the hubs

Applications for spatial search and quantum transport

Search for single or multiple hubs behaves like on the complete graph

Utilization of search for state transfer in CTQW
Extension to discrete-time quantum walk (DTQW)

Search — with some modification, reduction to complete graph

State transfer between unique sender and receiver — works for 2 OG states

State transfer between multiple sender and receiver vertices
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© State transfer between hubs in CTQW
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State transfer between hubs in CTQW

e Simple graph G = (V,E), N vertices

Hilbert space — N-dimensional complex vector space spanned by |v), v € V
o W — set of marked hubs

@ Hamiltonian — weighted Laplacian with additional potential on the marked vertices

H=~L+ 3" Awlw)(w] J

weW

Optimal search — hopping rate v = % weights of marked hubs A\, = —1

o State transfer — split W into set of senders S and set of receivers R

S|=S, |R|=R, S+R=M J
3 ¢
@ Keep the same hopping rate and weights /‘%Z%
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State transfer between hubs in CTQW

@ 3D invariant subspace

1 1
lg) = *ZI S =—"=>1s), R)y=—%>_1In
N—M veéw \/ESES \/ﬁ rer
o Effective hamiltonian in the invariant subspace
1 S v RS VS(N — M)
H:_N v RS R VR(N — M)
VS(N—M) /R(N— M) —M

o Energy spectrum — Ep =0, Ei = j:\/%
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State transfer between hubs in CTQW

o Initial state |S), target state |R)
o Fidelity of state transfer

F(t) = [(Rle"t|s)?

e Maximal fidelity for T = n/E; = m/RLJFS

4RS
i

@ We achieve high fidelity state transfer for S ~ R

S
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© Search for hubs in DTQW
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Description of DTQW

e Simple graph G = (V,E)
@ Hilbert space — direct sum of local spaces H,

H=EPH, H,=Span{|v,v),|v,w)|(v,w)€E}, dimH,=d, +1 J
vev

@ Evolution operator — coin and shift — U=5C
o Flip-flop shift operator — S|v, w) = |w,v), S|v,v) =]|v,v)
@ Coin acts locally on H, — ¢ = D, C,

@ We consider Grover operator with a weighted loop

G(6) = 22BN =T 19(8)) = T (VAR + VBV 1)
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Search for hubs in DTQW

@ Solutions of search — hubs from set M, IM| =M
@ Tune local weights according to the degrees — ¢, = N —d,, ¢, =1

@ Marking of solutions — phase shift of 7

Evolution operator for DTQW search

=5 (@ (6.v-d) B (—ém(l))> J

v¢M meM

Usual choice of initial state — the equal weight superposition of all arcs

D=1 V)

“‘-?aé

Does not work, it is not an eigenstate of unperturbed evolution (without 7 phase s |Mf‘
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Search for hubs in DTQW

@ Modification of the initial state — equal distribution into vertex subspaces

veVv

1
9) = = 3 0N~ ) J

5D invariant subspace, 4D if there is only one marked hub

Problem reduces to search on a complete graph with loops

@ Probability of detecting one of the marked vertices
2t +1 2M
P(2t) = P(2t + 1) = sin? <¥>, w = arccos (1 - W) J

@ Success probability close to 1 after T steps

iheoll®) | AR
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@ State transfer between two hubs in DTQW
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State transfer between two hubs

Two choices for initial and target states

@ Loops at sender and receiver

s.;5), Irr) ]

@ Superpositions of arcs
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State transfer between two hubs

Two choices for initial and target states

@ Loops at sender and receiver

|s,s), |r,r) J

@ Superpositions of arcs
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State transfer between two hubs

@ Evolution operator for two marked vertices

Us,r = 3 ( @ (GV(N - dv)) D (_@s(l)) D (_@f’(l))) J

V#s,r

@ 9D exact invariant subspace

v1) = s, s), [va) = |r,r), lvs) = |s, r), lva) = |r,s)
1 1
lvs) = \/ﬁ v;ézsr’S, v), lve) = N> vgr“a v)
1
’V7 v;ésr |V8> N—2 vgs:,rh/’ r>
1 pow
o) = —— > (VNIQN—dv)) —|v,r) = |v,s) =
9 N —2 vgs:,r ( ) ;ré
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State transfer between two hubs

@ Decomposition into symmetric and antisymmetric subspace — U= U+ o U_

@ 5D symmetric subspace

o) = — (o) + [2)). |02)=%(|V3>+|V4>), |o—3>=%(|u5>+|u6>)

-5

|oa) = E(IV7>+IV8>), |o5) = |vo)

@ 4D antisymmetric subspace

) = %um—w), |Tz>=%(|V3>—|V4>)
1 1 -
m) = (=), Ire) = = (1) = o) /q%?{,
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State transfer between two hubs

@ Evolution in the symmetric subspace — eigenvalues +1 and )\gi) = etiw1

w1 =a <1—i)
1 = arccos N J

o Evolution in the antisymmetric subspace — AS*) = e*iw2 and () = etiws

Wy = arccos 1—2 = 21
2 - N| 2

2
w3 = arccos(— 1—N>:7r—w2

.
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Transfer of the loop state

For large N, loop states |s,s), |r, r) are superpositions of |1), | = w1) and | £ w»)

7 rotation in | = wo) plane, 27 rotation in | £ wi) plane

Graph with N = 100 vertices

Straightforward since w1 = 2w>

Fidelity of state transfer

F(t) = sin® (%) J #(6) ol

High fidelity state transfer for

(S
T N ‘ ‘ ‘
i = 1 20 40
wo 2

T = ~TT
t /%?;/*
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Transfer of the superposition of outgoing arcs

For large N, |Qs) and |Q,) are superpositions of | — 1), | £ w1), | Twp) and | £ w3)

7 rotation in | & wy) and | = ws3) planes, 27 rotation in | + wj) plane

Graph with N = 100 vertices

@ w3 = 7 — wy — rapid oscillations
between odd and even steps

Fidelity of state transfer at even
steps F(t) o5t

F(t) = cos® (wat) sin* <w72t> J

@ Same run-time, T even 1 20

t 2
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Transfer of arbitrary qubit state

e Transfer of |s,s) — |r,r) and |Qs) — |Q2,) happens in the same run-time
@ We can transfer an arbitrary state of a qubit

[60) = als,s) + B9 =25 [6,) = alr, ) + B12) |

Graph with N = 10 vertices

2m
@ For finite N fidelity depends on the initial state I—
7 F
[s) = pls,s) +e?y/1-p20) |
QD g 0.88
@ For all states fidelity behaves as oss
F(M)=1-0(N" ] _— 5
™) I

Martin Stefaiak State transfr between hubs QSQW 2025, 14. 1. 2025




© State transfer between multiple hubs in DTQW
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State transfer between multiple hubs in DTQW

@ S sender vertices from set S, R receiver vertices from set R

@ Invariant subspace has dimension 11

e Splitting into symmetric/antisymmetric subspace not possible unless S = R
@ Spectrum of US,R has similar form as for Us’,

@ Eigenvalues are +1 and three conjugated pairs )\J(.i) = eTiwj

( 2(R—|—5)> w1 J
W1 = arccos 1—T, Wy =—, W3=T7—Wy
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Transfer from superposition of loops

@ Initial state — superposition of loops at senders

DE Z s, s) J

seS

@ Probability of transferring to any basis state at any receiver vertex

Pu(t) = %sin”’ ("%f) J

@ High probability only for S=R =1
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Transfer from superposition of outgoing arcs

@ Initial state — superposition of all outgoing arcs from all senders

Qs) = Z ) J

SES

Total transfer probability in even steps

Pq(2t) = % sin* (wot) J

High probability of state transfer for S ~ R
Same result as for the CTQW
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Transfer from superposition of outgoing arcs

15
@ Total transfer probability in odd steps plodd
10

Po(2t +1) = —— sin(ws(2t + 1)) s :

R+S 06

5 04

@ High probability of state transfer for R > S 02
@ This regime does not exist in CTQW ) | |
1 5 10 15

fe
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Transfer from superposition of outgoing arcs

@ State transfer on a graph with N = 1000 vertices from a single sender
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