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PLAN OF THE TALK

▪ Quantum Cellular Automata

▪ Fermionic Cellular Automata (FCA)

▪ Main result 1°: Circuital Implementability

▪ Main result 2°: Classification of 1-D FCA



QUANTUM CELLULAR AUTOMATA
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[1] B. Schumacher and R. F. Werner. “Reversible Quantum Cellular automata”. arXiv:quant-ph/0405174 (2004).

The action of 𝛼 is assigned on the algebra of observables 𝓐(𝓛) on an infinite lattice ℒ ⊆ ℤ𝑠 [1]

𝜶: 𝓐(𝓛) → 𝓐(𝓛)

• 𝜶 𝑨𝟏𝑨𝟐 = 𝜶 𝑨𝟏 𝜶(𝑨𝟐) automorphism

• 𝑨𝜦 ∈ 𝓐𝜦 ⇒ 𝜶 𝑨𝜦 ⊂ 𝓐(𝜦 + 𝑵+ 𝜦 ) locality

• 𝜶 ∘ 𝝉𝒙 = 𝝉𝒙 ∘ 𝜶, 𝝉𝒚 𝓐𝒙 = 𝓐𝒚+𝒙  shift automaton   translational invariant

• 𝜶 𝓐𝒙 = 𝜶 𝓐𝒐  local transition rule

𝑡 = 1

𝑡 = 0

𝑡 = −1

𝑵+ 𝜦

𝑵− 𝜦

➢ Quantum foundations, computation, and simulation
➢ Quantum field theories and topological phases of matter

𝜦:

𝜦 + 𝑵+ 𝜦 :

𝜟𝜦 = 𝜦 + 𝑵+ 𝜦 /𝜦:

Quantum Cellular Automata (QCA) are the quantum version of Cellular Automata. The space of states spans a finite-

dimensional Hilbert space 𝓗𝒙 such that 𝓤: ⊗𝒙 𝓗𝒙 → ⊗𝒙 𝓗𝒙 is a unitary operator describing the discrete-time evolution



EXAMPLES OF QCA
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➢ Finite lattice, with finite dimensional systems at each site 

𝜶 𝑶 = 𝑼† 𝑶 ⨂𝑰 𝑼

➢ Quantum circuits are QCA...

➢ ... But not all QCA are quantum circuits! (Ex: Shift 𝜏)

𝑼 unitary matrix

❖ How many automata may you find? 

(classification)

❖ Are automata finite depth quantum circuit 

(FDQC)? (circuital implementability)



FERMIONIC CELLULAR AUTOMATA
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[2] S. Bravyi and A. Kitaev. “Fermionic quantum computation”. Annals of Physics, 298 (2002).

Fermionic Cellular Automata (FCA) are automorphisms 𝓣: 𝓐 ℤ → 𝓐 ℤ  of the ℤ𝟐-graded algebra 𝓐 ℤ which 

preserve the parity of its elements: 𝒯 𝜉𝑥 , 𝒯 𝜂𝑥 = 0 for all (𝜉𝑥 , 𝜂𝑥) odd generators of CAR

❖ Fermionic theories ⇒ Fermionic (CAR) Algebra for finitely many Local Fermionic Modes arranged on ℒ ⊆ ℤ [2]. 

𝜙𝑥, 𝜙𝑦
† = 𝛿𝑥𝑦𝐼, 𝜙𝑥 , 𝜙𝑥 = 𝜙𝑦, 𝜙𝑦 = 0,  ∀ 𝑥, 𝑦 ∈ ℒ.

❖ Represent the CAR of Local Fermionic Modes by assigning the pair of odd operators (𝑋𝑥 , 𝑌𝑥) to each site 𝑥 ∈ ℒ

𝑋𝑥 =
𝜙𝑥+𝜙𝑥

†

√2
,  𝑌𝑥 =

−𝑖(𝜙𝑥−𝜙𝑥
†)

√2
,  𝑍𝑥 = 𝑖𝑌𝑥𝑋𝑥 =

𝜙𝑥
†𝜙𝑥−𝜙𝑥𝜙𝑥

†

2

❖ Parity Superselection Rule ⇒  CAR algebra is a ℤ𝟐-graded algebra of observables 𝒜 = (𝒜0, 𝒜1)

Fermionic Pauli 
matrices

➢ 𝐴 ⨂ 𝐵 is replaced by 𝐴 ⊠ 𝐵 (graded tensor product)

➢ 𝑂1, 𝑂2 = 𝑂1𝑂2 − −1 deg 𝑂1 deg 𝑂2 𝑂2𝑂1 (graded commutator)



INDEX THEORY FOR QCA AND FCA

[3] D. Gross et al. “Index theory of one dimensional quantum walks and cellular automata”. Commun. Math. Phys. 310, 419-454 (2012).

[4] L. Fidkowski et al. “Interacting invariants for Floquet phases of fermions in two dimensions”. Phys. Rev. B 99, 085115 (2019).
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❖ The Left and Right Support Algebras 𝑳2𝑥, 𝑹2𝑥 describe how many information “moves left and right”

[3,4]

𝑳2𝑥 = 𝑺(𝒯 𝒜2𝑥 ⊠ 𝒜2𝑥+1 , 𝒜2𝑥−1 ⊠ 𝒜2𝑥)   𝑹2𝑥+1 = 𝑺(𝒯 𝒜2𝑥 ⊠ 𝒜2𝑥+1 , 𝒜2𝑥 ⊠ 𝒜2𝑥+1)

𝒯 𝒜2𝑥 ⊠ 𝒜2𝑥+1 = 𝑳2𝑥 ⊠ 𝑹2𝑥+1 

❖ Index of a QCA (FCA) is a local invariant that quantifies the net flow 

of “quantum information”

𝑖𝑛𝑑 𝒯 =
dim(𝑳2𝑥)

dim(𝒜2𝑥)
=

dim(𝒜2𝑥+1)

dim(𝑹2𝑥+1)

❖ Index-one QCA are FDQC!
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EXAMPLES OF FCA AND FERMIONIC INDEX

➢ Conjugation: 𝑆𝑈 2 = 𝑆𝑈0 2 , 𝑆𝑈1 2  special unitary group

𝓤 𝑨𝒙 = 𝑼† 𝑨𝒙 ⊠ 𝑰 𝑼, 𝑼 ∈ 𝑺𝑼𝟎,𝟏(𝟐)

➢ Majorana shift (Fermionic translation): 

𝜎+: 𝑋𝑥, 𝑌𝑥 ↦ 𝑌𝑥, 𝑋𝑥+1

𝜎−
−1: 𝑋𝑥, 𝑌𝑥 ↦ 𝑌𝑥−1, 𝑋𝑥

Given a support algebra 𝒮𝑥, 

𝑖𝑛𝑑 𝒯 =

𝑝 + 𝑞

𝑑
∈ ℚ, 𝒮𝑥 ≃ 𝑀𝑎𝑡 ℂ𝑝|𝑞

2
𝑝 + 𝑞

𝑑
∈ ℝ, 𝒮𝑥 ≃ 𝒞ℓ1 𝑝 𝑞

Examples: 𝑖𝑛𝑑 𝐼 = 1, 𝑖𝑛𝑑 𝜏𝑥
± = 𝑑±1,  dim ℋ𝑥 = 𝑑, 𝑖𝑛𝑑 𝜎± = 2±

1

2 

𝑋 𝑌 𝑋 𝑌 𝑋 𝑌

𝒜𝑥−1 𝒜𝑥 𝒜𝑥+1

𝑋 𝑌 𝑋 𝑌 𝑋 𝑌
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CIRCUITAL IMPLEMENTABILITY FOR FCA

❖ Finite Depth Fermionic Circuit (FDFC 𝓕) as Fermionic counterpart of FDQC: sequence of layers of unitary trans- 

formations acting over a finite set of cells in a partition of the lattice

❖ Margolus Partition Scheme (MS 𝓜): FDFC with depth 𝐷 = 2 and nearest neighborhood scheme

❖ If 𝓣 = 𝓕, then 𝓣 is 𝓕-implementable. If 𝓣 = 𝓜, then 𝓣 is 𝓜-implementable (locally implementable)

❖ 𝓕-Equivalence: 𝓣′ = 𝓕 ∘ 𝓣

❖ Stable Equivalence: 𝓣′ ⊠ 𝑰 = 𝓕 ∘ 𝓣 ⊠ 𝑰 , where 𝑰 is the identity automorphism over a set of ancillae

❖ If 𝑖𝑛𝑑 𝒯 = 𝑖𝑛𝑑 𝒯′ , then 𝒯, 𝒯′ are stably equivalent, in particular 𝓜-stably equivalent on supercells

❖ Every index-one FCA is 𝓜-implementable over the enlarged system of ancillae: 𝒯 ⊠ 𝑰 = 𝓜

[4] L. Fidkowski et al. “Interacting invariants for Floquet phases of fermions in two dimensions”. Phys. Rev. B 99, 085115 (2019).

[4]
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ANCILLA REMOVAL FOR FCA

Ancilla Removal [5] ⟹ No ancillas are needed to implement index-one FCA as quantum circuits! 

✓ Every index-one FCA satisfies 𝓕-implementability (𝓣 = 𝓕)

✓ If 𝑖𝑛𝑑 𝒯 = 𝑖𝑛𝑑 𝒯′ , then 𝓣′ = 𝓕 ∘ 𝓣

✓ Upon regrouping of cells, 𝓕 may be recast in 𝓜

NEW!

𝓣′ ⊠ 𝑰 = 𝓤†𝓥 ∘ 𝓣 ⊠ 𝑰  

𝓣′ = 𝓕 ∘ 𝓣

▪ “Borrowing”: replacing the action on an ancilla 

with the same action on a sufficiently distant 

physical cell

▪ The circuit 𝓤†𝓥 acts trivially on the ancillae ⇒ 

physical cells keep the same state as before the 

updating

[5] M. Freedman et al. “The Group Structure of Quantum Cellular Automata”. Commun. Math. Phys. 389, 1277-1302 (2022).
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CLASSIFICATION OF ONE-DIMENSIONAL FCA

❖ The generators of the Local Fermionic Mode located in 𝑥 are 𝑋𝑥 , 𝑌𝑥

❖ 𝒯 is a nearest neighbor FCA: 𝒯 𝒜𝑥 ⊆ ℰ𝐿 ⊠ ℰ𝐶 ⊠ ℰ𝑅

❖ If 𝒜𝑥 ≃ 𝑀𝑎𝑡 ℂ1|1 ,  then 𝑖𝑛𝑑 𝒯 = 1, 2±
1

2, 2±1 

NEW!

Classify all index-one FCA

1. Every FCA 𝒯 with 𝒊𝒏𝒅 𝓣 = 𝟐±𝟏 is of the form 𝓣 = 𝝉𝒙
± ∘ 𝑺 

2. Every FCA 𝒯 with 𝒊𝒏𝒅 𝓣 = 𝟐±
𝟏

𝟐 is of the form 𝓣 = 𝝈± ∘ 𝑺 

𝑖𝑛𝑑 𝑺 = 1

1° Step: Classify FCA on one-dimensional lattice of a single Local 

Fermionic Mode cells isomorphic to Mat ℂ1|1



2° Step: Classify index-one FCA on one-dimensional lattice of a single 

Local Fermionic Mode cells isomorphic to 𝑀𝑎𝑡 ℂ1|1

Case 1. ℰ𝐿 ≃ ℰ𝑅 ≃ 𝐼 Case 2. ℰ𝐿 ≃ ℰ𝑅 generated by an even operator  Case 3. ℰ𝐿 ≃ ℰ𝑅 generated by an odd operator

Conjugation 𝓤 𝝃

𝒢𝜙 = 𝐶𝜙 ⊠ 𝐼3 𝐼1 ⊠ 𝐶𝜙 , 𝐶𝜙 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 𝑒𝑖𝜙

Forking Automaton 

14

New FCA!

෨𝒯0: X𝑥, Y𝑥 ↦ (𝑌𝑥−1, 𝑋𝑥+1)
𝐼 ⊠ 𝒯0 𝜉 ⊠ 𝐼 = 𝒢𝜙

† 𝐼 ⊠ 𝒰 𝜉 ⊠ 𝐼 𝒢𝜙

𝑋 𝑌

𝒜𝑥−1 𝒜𝑥

𝑋 𝑌

𝑋 𝑌

𝒜𝑥−2

𝑋 𝑌 𝑋 𝑌

𝑋 𝑌 𝑋 𝑌

𝑋 𝑌 𝑋 𝑌

𝑋 𝑌

𝒜𝑥+1 𝒜𝑥+2

Every index-one FCA over 𝑀𝑎𝑡(ℂ1|1 ) is 𝓜-implementable: 𝓣 = 𝓜



SUMMARY & FUTURE OUTLOOKS

▪ Classification of more general FCA

▪ Renormalization of FCA

▪ Thermal Theory for QCA

▪ …
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✓ Fermionic Cellular Automata (FCA)

✓ Circuital implementability of FCA

✓ Equivalence of FCA

✓ Classification of 1-D FCA

Thanks for the attention!
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